We analyze the acoustic and thermal properties of athermal and thermal lattice Boltzmann equation (LBE) in 2D and show that the numerical instability in the thermal lattice Boltzmann equation (TLBE) is related to the algebraic coupling among different modes of the linearized evolution operator. We propose a hybrid finite-difference (FD) thermal lattice Boltzmann equation (TLBE). The hybrid FD-TLBE scheme is far superior over the existing thermal LBE schemes in terms of numerical stability. We point out that the lattice BGK equation is incompatible with the multiple relaxation time model.
Introduction
In spite of its success in solving various challenging problems involving athermal fluids, the lattice Boltzmann equation (LBE) has not been able to handle realistic thermal fluids with satisfaction, even though there has been a continuous pursue in this area for obvious reasons. The difficulty encountered in the thermal lattice Boltzmann equation (TLBE) seems to be the numerical instabilities.
The existing thermal lattice Boltzmann models may be classified into three categories. The first and the simplest one is to use two sets of distributions for the flow fields and temperature which is treated as a passive scalar.
2-6 Numerically this is not very efficient because of too many redundant degrees of freedom, even though it can be improved somewhat. 5 The second category of the TLBE models includes various shock capturing schemes to simulate fully compressible Euler [7] [8] [9] or Navier-Stokes [10] [11] [12] equations. The numerical accuracy of these shock capturing schemes remains mostly unknown. It is not clear what benefit these schemes can offer especially when there are other tested shock capturing schemes based on kinetic theory. 29 We shall not further discuss the LBE models in these two categories. The thermal LBE models in the third category include the (local) energy conservation law, and are characterized by low Mach number and Boussinesq approximations. There are a few proposals to construct a energy-conserving LBE model:
(1) To increase the number of velocities, 13, 14 and to include higher order nonlinear terms (of u) in the equilibria, 15 or to use equilibria of non-polynomial type.
16
(2) To use equilibrium distribution functions depending on varying temperature.
13
(3) To use an advection with finite-difference techniques, such as Lax-Wendroff scheme, to improve numerical stability.
17,18
(4) To use two sets of distribution functions for particle number density and energy density which effectively doubles the number of discrete velocities.
19-22
(5) To use a velocity set of better symmetry 23 or energy-dependent velocities, 25 with interpolations that increase numerical viscosities and anisotropic effects.
32
(6) To use a hybrid scheme in which the LBE flow simulation is decoupled from the solution of the temperature equation by finite-difference techniques.
26,27
As previously noticed, 1,14,17,24,28 the main difficulty encountered in the TLBE simulations is the numerical instability. However, the true nature of the numerical instability is not yet well understood to this date. This paper is a summary of our ongoing effort to present a systematic analysis of the origin of the numerical instability encountered in the TLBE schemes, and to propose a practical remedy to overcome this difficulty. [30] [31] Section 2 provides a comparative study of athermal and thermal lattice Boltzmann equations with thirteen velocities on a 2D square lattice (denoted as D2Q13S). We observe that the origin of the TLBE models is the algebraic coupling between the viscous mode and the energy mode of the linearized evolution operator of the system. Section 3 describes the proposed hybrid FD-TLBE scheme. Section 4 concludes the paper.
2D Thermal and Athermal LBE Models with 13 Velocities
In the setting of the generalized lattice Boltzmann equation (GLBE) or the moment method, 1,32-34 the lattice Boltzmann equation can be written as
where {r j } is on a D-dimensional lattice space, {c i |i = 0, 1, . . . , b} is the discrete velocity set, S is the diagonal matrix of the relaxation rates {s i |i = 1, 2, . . . , (b+1)},
and |m (eq) is the equilibrium-moment vector the components of which are the equilibria of the moments.
1,32-34
The equilibria of the non-conserved moments, up to second order in j, are:
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11,13 = η (eq)
x,y = c 2 j x,y .
The above equilibria are for the athermal model. As for the (energy conserving) thermal model, the energy e is a conserved quantity, thus its equilibrium is itself, and its relaxation rate s e is zero. The transformation matrix M for the model is  
The evolution equation (1) can be linearized around the state with a constant velocity V to obtain a linearized equation for the fluctuations δf in Fourier space:
where I is the identity matrix, C is the linearized collision operator, and A is the propagation operator which is a diagonal matrix in the space of |f :
The solution of the eigen-value problem of the linearized evolution operator,
yields the generalized hydrodynamics of the model, i.e., the k-dependence of the transport coefficients, the sound speed, and the Galilean-invariance factor g.
32,35
We compute attenuation rates for the modes of the linearized operator L for both thermal and athermal D2Q13S models. The results are shown in Fig. 1 . We choose a direction with the polar angle θ = 22.5
• = π/8. For the thermal model, the energy mode (γ h ) and the shear mode (γ ⊥ ) coalesce at k c ≈ 0.047. Also, the coalescence occurs in a wide range [k c , π − k c ] of the wave-number k along certain directions, hence the energy-conserving TLBE models are prone to numerical instabilities which can be instigated by fluctuations of wide-ranged scales. In contrast, for the athermal LBE models a similar coalescence occurs only when k is near π, making the the athermal LBE models only sensitive to the small scale fluctuations. 32 We also observe that the algebraic coupling between the two modes cannot be removed by increasing the number of discrete velocities. 30 This problem is intrinsic to the linearity of the lattice Boltzmann models. 
Hybrid TLBE Scheme
To remove the spurious algebraic coupling among the modes, we propose a hybrid lattice Boltzmann equation in which the flow fields are solved by the athermal lattice Boltzmann equation defined by Eq. (1), while the advection-diffusion equation for temperature is solved separately by finite difference technique:
where ∇ h and ∆ h stand for finite-difference gradient and Laplacian operators, respectively. It should be stressed that the stencils used in this hybrid scheme must be the ones with the same symmetry of the discrete velocity set. 30 The coupling of temperature to the fluid momentum is explicit in the above equation for T . The coupling of the momentum j to temperature T is in the equilibria of e and ε:
where both α 2 = α 2 (c 2 s0 ) and β 2 = β 2 (γ) are determined by the first-order solution of the linearized dispersion equation. And the value of the parameter α 3 is determined so that in the equation for T the term linear in the density gradient ∇ρ vanishes. The other two coefficients in the model, q 1 and q 2 , are determined by the linear analysis so that the hydrodynamic equations derived from the model are
where ζ = ζ in two dimensions and ζ = ζ + ν/3 in three dimensions, c s0 , κ and γ are adjustable parameters in the model. Note that γ plays the role of the ratio of specific heats in a real gas. The viscosities ν and ζ are controlled by the relaxation rates s xx and s e , respectively,
and the adiabatic sound speed is
The coefficients A ν (c 1 ) and A ζ (c 1 , γc 2 s0 ) are model dependent. 30 For example, for both D2Q9S and D3Q13 models, c 1 = −1, A ν = 1/2, and A ζ = 2/3 − γc 2 s0 .
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It should be noted that the isothermal (athermal) sound speed c s0 does not depend on the adjustable parameters in the model:
where B is the total number of the discrete velocities (including the zero velocity), and p and e K are the pressure and the specific kinetic energy.
Conclusions
In this paper we propose to solve the thermohydrodynamic equations by using a hybrid lattice Boltzmann scheme: the usual lattice Boltzmann equation is used to solve the mass and momentum conservation equations, while a finite-difference method is used to solve the diffusion-advection equation for the temperature, with proper couplings between the two systems. We have identified that the main culprit of numerical instabilities in the existing thermal lattice Boltzmann models is the coupling between certain hydrodynamic modes of the linearized LBE evolution operator. The finite-difference hybrid thermal lattice Boltzmann method removes the spurious coupling thus significantly improves the numerical stability. The present work differs from the existing ones in several aspects. First of all, we advocate the MRT model as opposed to the BGK model which is partially responsible for numerical instabilities. 32 In addition, the Prandtl number is adjustable for the MRT models. It should be emphasized that without the flexibility of the MRT model, it is impossible to construct D3Q13 model. Secondly, we have provided a systematic analysis of the proposed hybrid TLBE model, and a comparative study with the existing thermal LBE models. 30 Finally, the proposed hybrid FD-TLBE model does not use the Boussinesq approximation explicitly and can be readily extended to the situations where the Boussinesq approximation is inadequate (e.g., temperature dependent transport coefficients and considerable density variations). Several 3D simulations by using the thirteen-velocity model in a cubic lattice (D3Q13) 33 have been carried out successfully: Rayleigh-Bénard convection in (1) a differentially heated cubic cavity, 36 and (2) a differentially heated rotating circular cell. 37 The details of these simulations shall be reported elsewhere.
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